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A B ST R A C T

One of the distinguishing characteristics of heavy Fermion materials is
the extraordinarily large size of the electronic specific heat at low temperatures.
It is also observed that in some cases, the specific heat is reduced drastically
by an external magnetic field. We show that this behavior can be simulated
by using the non-degenerate lattice Anderson model on a 4-site tetrahedral
cluster. Interacations included in the model are the on-site Couloumb repulsion
between electrons in the /-o rb ita l and the off-site spin conserving hybridization
between electrons in the conduction and the / - orbitals. Our calculation is
done by using the exact diagonalization method.
This calculation shows that the enormous size of the electronic specific
heat is due to the many states lying near the ground state which are mostly spin
rearrangements of the /-electrons. The suppression of the specific heat in the
presence of an external magnetic field is due to the lifting of the degeneracy in
the energy levels which are consequently ordered according to spin. Our results
are to yield qualitative agreement compared with experiments on CeCu^.

x

CHAPTER 1
IN T R O D U C T IO N
Heavy Fermion systems are compounds including rare earth or ac
tinide elements, usually cerium or uranium, with a normal metal. W hat makes
these systems special is an enormous electronic specific heat at very low tem 
peratures, where the specific heat is linear, being ~ 7T. In these compounds,
the 7 values can be as large as ~ l.ftJ/rnolK 2 as opposed to ordinary metal for
which it is ~ 1m J / m o l K 2. In 1975, Andres, Graehner, and O tt [1] discovered
the first heavy Fermion system, CeAl3. Since then, many additional com
pounds of this type have been discovered. A few examples are CeCv, 2 S i 2 [2],
U B e\z

[3], CeCuQ [4], UCdu [5], and UPt 3 [6].
There are other characteristics of heavy Fermion systems. Near room

tem perature, the magnetic susceptibility x roughly obeys the Curie-Weiss law.
At very low temperature, x is described by Pauli -spin susceptibility and be
comes large as T —> 0. The resistivity p increases with decreasing tem perature
below room tem perature and has a large maximum value at low temperature.
Some of these compounds display various kinds of ordering in the ground state
such as anti-ferromagnetism and superconductivity. A few are semiconducting.
Others show no order down to 0.02K, as listed in Table 1 [31].
The properties of heavy Fermion systems at very low tem perature
show some similarities to those of liquid He3, which is well described by the
Landau Fermi liquid theory. In liquid He3, it is observed that the specific heat
1

2

T able 1. List of the ground state order and the ordering tem perature of se
lected heavy Fermion systems. Tc and Tn refer to the superconducting transi
tion tem perature and the antiferromagnetic ordering tem perature respectively.
Compound

Ground state order

CeAl 3
CeCu 2 S i 2
CeCu 6
UAk
UBe 13
UCdn
UCu 5
UPd2A h
UPt 3
U2 Z 7117

No ordering
Superconductor
No ordering
No ordering
Superconductor
Antiferromagnet
Antiferromagnet
Superconductor
Superconductor
Antiferromagnet

Ordering temperature(K)
Tc
tn
-

-

0.53

0.8

-

-

-

-

0.85
-

-

2.0
0.54
-

8.8
5.0
15.2
14.0
5.0
9.7

varies linearly with tem perature and the susceptibility x is independent of
temperature. Also the specific heat 7 values and x are enhanced by many
body effects, both being proportional to the effective mass of the H e3 atom.
On the other hand, some properties of heavy Fermion systems have
similarities to those of dilute magnetic alloys which exhibit Kondo behavior.
In dilute magnetic alloys, it is observed that at low temperatures, there is a
resistivity minimum and the specific heat increases. At high temperatures, the
magnetic susceptibility x obeys the Curie-Weiss law. As T —►0 the magnetic
moment decreases. J.Kondo [7] explained these phenomena in terms of the
interaction between conduction electrons and localized spins. The starting
point for the theoretical description of the Kondo effect is the single impurity
Anderson model [8] in which one impurity with unfilled d- or / - shells embedded
in a sea of conduction electrons. Since in heavy Fermion systems atoms with /
electrons are on the sites of a periodic, the lattice Anderson model is adopted.
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In some compounds, usually Ce-based, the application of a magnetic
field causes the 7 values to drop drastically at very low tem perature below that
in zero field and to be enhanced at slightly higher tem perature above that in
zero field. There have been several studies on the magnetic field dependence
of the specific heat of a CeCu6, both experimental and theoretical.
Stewart et al. [9] reported measurements of the specific heat of CeCu 6
in various external magnetic fields up to 24T. The 7 value in a 24T field is more
than 4 times smaller than in a zero field situation. The strong upturn at low
temperatures in C / T is completely suppressed in a 24T field. Amato et al. [10]
investigated the magnetic field dependence of the specific heat on single crystal
CeCu&. They observed a decrease in the specific heat. They applied a magnetic
field of up to 7.5T in the directions of the principal axes of a single crystal of
CeCuQ. They observed a decrease in the specific heat like Stewart et al. Their
study also showed that there exists an anisotropy in the change of the specific
heat depending on the direction of the applied field.
Satoh et al. [11] measured the specific heat of a dense-Kondo system
CexL a i - xCue by varying the concentration of Ce in the system as well as
the magnetic fields up to 5T. They observed that there is a difference in the
magnetic field dependence of the specific heat between dense Kondo systems
and dilute Kondo systems. They proposed that the decrease in the specific
heat in magnetic fields is due to a broadening of the density of states near the
Fermi energy by the applied magnetic field. Edelstein [12] proposed a model
combining the Kondo effect and the crystal field effect. His model is based on
the single impurity picture. According to his model, the specific heat behavior
in the external magnetic field is from a broadening of the density of states near
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the Fermi energy by the crystal effect and the applied magnetic field. Both
models proposed are based on the single particle point of view.
In our approach, we work on the many-body system. Since heavy
Fermion systems have a relatively high concentration of /-ions, we start with
the lattice Anderson model on a small cluster system. In order to find out the
effect of an external magnetic field on the system, the Zeeman splitting term is
added to the model Hamiltonian. We ignore the spin-orbit coupling and crystal
field splitting. In our picture, the application of an external magnetic field to
the system broadens the energy distribution due to the Zeeman splitting of
levels. This causes the decrease in specific heat at low temperatures and the
increase at higher temperatures. Our calculations are numerical.
In studying many body systems, there are two popular numerical tech
niques: exact diagonalization of the model Hamiltonian and quantum Monte
Carlo simulations. The exact diagonalization method has the advantage that
it is applicable for all temperatures and parameters. However, this method is
restricted to small systems since the computing time increases very rapidly as
the number of sites or particles is increased. On the other hand, the quan
tum Monte Carlo method can be used to study larger systems than is possible
by using exact diagonalization. However, the quantum Monte Carlo method
has difficulties in applications in the very low tem perature region or in the
strong interaction limit. In our calculation, the exact diagonalization method
is adopted since we are interested in the specific heat at low temperature.
In chapter 2, experimental results on the specific heat, the magnetic
susceptibility and the resistivity of heavy Fermion systems are briefly sum
marized. In chapter 3, the lattice Anderson model and the relevant theories
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including the single impurity Anderson model and the Kondo effect are de
scribed. In chapter 4, experiments other than Stewart’s on the magnetic field
dependence of the specific heat of CeCu& are discussed along with various theo
retical models. In chapter 5, the calculation method that we used is presented.
In chapter 6 the results of our calculation are presented and compared with
experiment.

CHAPTER 2
E X P E R IM E N T A L B A C K G R O U N D
2.1

C ry sta l S tru c tu re
Heavy Fermion systems have various crystal structures as listed in Ta

ble 2. As can be seen from Table 2 [19], many of them have uniaxial symmetry
which results in anisotropic physical properties. Also, there are some common
features of the crystal structures of heavy Fermion systems. The spacing d beo

tween / atoms is greater than 4A except in the case of U N iA l and the nearest
neighbors of an /-atom do not include another / atom. From this observation,
it might be expected that the hopping of an electron from one /-orbital to
another /-orbital is not large.

T able 2. Crystal structures and the shortest distance d between / atoms of
selected heavy Fermion systems.
Compound
CeAh
CeCu 2 S i 2
CeCue
U Be 13
UCdn
UCu 5
UP t 3
U2Znyi

Crystal Structure
hexagonal
tetragonal
orthorhombic
cubic
cubic
cubic
hexagonal
rhombohedral

6

d(A)
4.43
4.1
4.83
5.13
6.56
4.97
4.12
4.39

7
2.2

Specific H eat
The specific heat of a normal metal contains an electron contribution

linear in tem perature and a lattice contribution which is proportional to T 3
C{T) = 7T + £ T 3,

(2.1)

7 is proportional to the density of states of electrons at the Fermi energy ep,
D(ep) and

is proportional to 1/0fj, where 9d is the Debye temperature. As

T —> OK, the major contribution to the specific heat is from the thermal exci
tation of electrons which is represented by the linear term in equation 2.1. The
slope 7 of the linear term in equation 2.1 is usually tem perature independent for
a normal metal. The observed 7 values for normal metals such as Cu, Al and Be
are 0.7, 1.36, and 0.22 m J j m o l K 2 , respectively. However, when these metals
form compounds with Ce or U, the C / T ratio increases rapidly with decreas
ing tem perature usually below 10K and 7 is not tem perature independent any
more. The saturated 7 value ranges from 400m J /m ol K 2 ~ 1600m J / m o l K 2.
Some of the saturated 7 values are listed in Table 3 [19]. The strong upturn
in the data observed in this tem perature region when C / T is plotted against
T 2 is also observed in the dilute magnetic alloy CuFe.
From specific heat measurements, one can also calculate the effec
tive mass m* of conduction electrons by comparing 7 with 70 (for the non
interacting system) since D( e f ) is proportional to the effective mass of an
electron. In a normal metal, the ratio 7/70 is
7/70 = m * / m e ~

order

of

(10°),

(2.2)

where m e is the free electron mass. As can be seen, the effective mass of an
electron in a normal metal is not much different from that of a free electron.
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T able 3. Specific heat 7 (T = 0) values and resistivity p at T = 300K of
selected heavy Fermions systems. Properties for anisotropic systems are given
along the principal axes in the form a/b/c, when data on single crystals are
available.
Compound
CeAh
CeCu 2 S i 2
CeCuQ

p(T = 300if)(/zS7cm)
65
90
70
107
80
286
140
0
CO
I— t

UBeiz
UCdn
UCuh
UPd2A h
UPt 3
URu 2 S i 2
U2 Z n \ 7

7(0 ) ( m J / m o l K 2)
1620
1100
1670
1100
840
200
150
450
180
535

324/169
110

But in a heavy Fermion system, it is found that
7/70 ~

order

of

(102),

(2.3)

which indicates that the electron density of states at the Fermi energy level
is very large and that this compound is a strongly interacting system at low
temperatures.
Even though most of heavy Fermion systems show the above char
acteristics, there are some differences in the tem perature dependence of the
specific heat between compounds at low temperatures. Experiments reveal
th at there are 3 major different types of tem perature dependence of the spe
cific heat of heavy Fermion systems.
• CeCu 2 S i 2, UBeiz, CeAl 3 a n d CeCu 6
These compounds have a typical specific heat behavior regardless of
their ground state order. The plot of C / T against T 2 displays a rapid increase

9
0.9

0.8
0.7

^

0.6

4)

O 0*5

E
”1 0 . 4

0.2

50

100

F ig u re 1. Specific heat of CeCu 6 in zero field(dots) and at llT ( x ’ s)
in C / T as tem perature decreases below lOi^, and 7 is not constant any more
but is strongly tem perature dependent in this tem perature region. Above 20K ,
specific heats of these compounds obey equation 2.1.

Both CeAl3 [1] and

CeCue [4] have quite similar behavior in general. But below I K , C / T for
CeAls rises around 0.5K and saturates at ~ 1600m J / m o l K 2, while in CeCu&,
no peak is observed in C / T near zero tem perature as shown in figure 1 [4].

10

0

2

4

6

8

10

12

T (K)
F ig u re 2. Specific heat of polycrystalline UBe\$ between 0 and 13K.
For both CeCu 2 S %2 [2] and U B ei3 [3], C / T rises in a very similar
way as above, then saturates around I K and remains almost constant until
the superconductivity transition tem perature (0.65 K and 0.9K, respectively),
where specific heat anomalies appear as shown in figure 2 [23].
• U2 Z n i 7 a n d

UCdu

Antiferromagnetic

[13] and

UCdu

[5] show an unusual tem 

perature dependence of specific heat. Unlike most heavy Fermion systems, the
plot of C / T against

T

2 for these compounds does not display any strong upturn

below 10K . Above their magnetic ordering tem perature up to around 15K ,
the specific heat varies linearly with tem perature as can be seen in a normal
metal as shown in figure 3 [19]. But they are still distinguishable from a non
heavy Fermion system because of their huge 7 values, 500 and 840 m J / m o l K 2

11
2400

2000

1500

*
■5
E
1000

500

150

200

F ig u re 3. Low tem perature electronic specific heats : •, U2Z n i 7 ; A , UCdu.
respectively. For both U2Z n n and U C d u , the specific heat data show a dis
continuity at the ordering temperature, due to the antiferromagnetic phase
transition.
• UPtz a n d UAl2
In superconducting UPt3 [6], the specific heat anomaly is observed at
the transition temperature Tc around 0.5K . In nonsuperconducting UPt3, it
is observed that there is a strong upturn below 10K in a plot of C / T versus
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T 2. The tem perature dependence of C , above Tc up to 20K, obeys
C = -/T + 8T3lnT + /?T3,

(2.4)

where 8T3lnT comes from long-range spin fluctuation [15,16]. This dependence
is also found in UAI 2 [14, 17], which has no magnetic ordering down to 0.02AT.
See figure 4 [6].

2.3

M agnetic F ield D epend en ce of th e Specific H eat
The specific heat of a normal metal is not influenced much by an

external magnetic field. Even in magnetic materials, the electron contribution
to specific heat is still dominant over the additional spin wave contribution
which is proportional to T t in ferromagnets or T 3 in anti-ferromagnets in the
presence of an external magnetic field at low temperature. However, specific
heat experiments show th at some of the heavy Fermion systems are sensitive
to an external magnetic field, notably CeCueSince the bandwidth of a heavy Fermion system is estimated to be
of the order of tens of Kelvins which is much smaller than that of a normal
metal ( which is of the order of 104K ), it might be expected that an applied
magnetic field would change the specific heat of the system either by broad
ening the electronic density of states at the Fermi energy or by affecting the
electron-electron interaction. Also in a Kondo system, the spin of the conduc
tion electron could align with the external field and break up the spin-singlet
ground state. This might cause the change in the entropy. Consequently, there
would be a change in specific heat.
Stewart et al. [9] found that in CeCu&, the value of 7 (T = 0) falls from
l5 0 0 m J /m o lK 2 in the absence of a field to blOmJ/molK'2 and 350m J / m o l K 2

600

(mJ/mo!

400
300

C/T

K^)

500

200
1 0 0

100

200
-r2 /

300

2 \

F ig u re 4. Specific heat of UPt3 in the normal state.
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in 14.5T and 24T fields, respectively. In addition, there is a very broad peak in
the plot of C / T against T 2 moving toward higher tem perature with increasing
magnetic field. Eventually, the strong upturn in the plot of C f T against T 2
disappears at 24T. Also, a crossing is observed in two data sets of C / T between
zero field data and nonzero field data. The plot of C / T for the zero field data
crosses that of the C / T for the 14.5T data at ~ 3.5K . For a magnetic field
of 24T, the crossing comes at ~ 5.8K . See figures 5 [9] and 6 [9]. Similar
behavior is also observed in nonsuperconducting CeCu 2 S i 2 [18] in 0 and 10T
fields. There is a cross over at 3K , such that C / T falls from l J / m o l K 2 to
0. I J / m o l K 2 as tem perature approaches zero. Above 3K , C / T in a 10T field
exceeds C / T in zero field.
In contrast to Ce-based systems,
response to external magnetic fields. In

U - based

U P tz

systems show the opposite

[19], there is a small increase in

the value of C / T with the magnetic field near zero temperature. In an 11T
field, 7 rises from A50mJ/molK2 to 485m J / m o l K 2 and the C / T curve crosses
the zero magnetic field data around 3K , and decreases below the zero field
C / T data. See figure 7 [19]. Another
behavior similar to that of

U P t 3.

U - based

system,

U B e\z

[20] displays

However, the increase of 7 in the magnetic

field near zero temperature is smaller than that of U P t z . The change in C / T in
the magnetic field is almost negligible compared to

U P tz

or Ce-based systems.

See figure 8 [20].
These observations indicate that there is an essential difference in
the change of specific heat in magnetic fields between Ce-based and C-based
heavy Fermion systems. The Ce-based systems respond more sensitively to
a magnetic field compared to the C-based system. This feature might result
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from the difference in the valence states between Ce and U atoms. In the outer
shell, U has s,d and 5 / orbitals but Ce has only s and 4 / orbitals. The Ubased compounds probably have a broader bandwidth than that of Ce-based
ones and the mixing between orbitals is much stronger than that in Ce-based
compounds. Consequently, a much stronger magnetic field is needed to see the
change in the specific heat in [/-based compounds.
2.4

M agnetic S u scep tib ility
Heavy Fermion compounds show some common features in their mag

netic susceptibilities. As shown in figure 9 [31], near room temperature, x(T)
varies with temperature, qualitatively obeying the Curie-Weiss law

X{T)=

+

(2>5)

in which n is the density of local moments and gcf f is the effective mag
netic moment. The Curie-Weiss tem perature 0w is found to be negative. A
Curie-Weiss type of magnetic susceptibility is expected in a system with local
moments. The magnetic moment arises from ions with partially filled /-shells.
The values of gej f and 6w are obtained by fitting the experimental data for
x (T ) to equation 2.5. It is found that g ef j is large, usually greater than 2g s
and 9w lies between 8K and room temperature.
The moment g ej / obtained from experiments can be compared with
the one from Hund’s rule for free /-atom s with integral / occupancy,
/ief f = g y / j ( J + l ) g B,

(2.6)

where g is the Lande-g factor. These values are listed in Table 4 [19]. Since
the valence state of atoms can be determined from g ef f i the comparison of
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fief j deduced from experiments with //e/ / from Hund’s rule can provide the
/-shell configuration of Ce or U in compounds. The comparison shows that
(j,ef f (Exp.) and

Hund’s rule) roughly agree with each other for compounds

including CeCu2S i 2( f ) [21], UPt3( p ) [22], UCu5( f 2) [19], CeAl3( p ) [1],
and CeCu6( p ) [4]. But /ie//(E xp.) for these compounds deviates slightly
from fief f ( Hund’s rule). Also, in some compounds including UBei3 [23] and
UPd2Al3 [24], the deviations are larger than those of compounds listed above.
This may be a sign of a mixed valence state although it may not be strong.
T able 4. Magnetic properties of selected heavy Fermion systems. Properties
for anisotropic systems are given along the principal axes in the form a /b /c ,
when data on single crystals are available.
Compound
CeAh
CeCu2S i 2
CeCu6
UBe13
UCdn
UCu5
UPd2Al3
UP t3
URu2S i 2
U2Z n 17
f configuration

P
P
P

X (0)(xl0 3emu/mol)
36.0
8.0
30.0
15.0
38.0
-

-

7.0
1.2/4.9
24.5
-

-

-

-

VeffiVB)
2.63
2.62
2.6/2.67/2.46
3.08
3.45
3.29
3.2
2.61
3.3
3.3
Hund’s rule moment
2.54
3.58
3.62

-9cw(K)
46
164
59/59/18
53
23
218
47
200
65
105
-

-

-

-

As tem perature decreases to near zero, y(T ) becomes weakly tem 
perature dependent, which resembles the behavior of the Pauli spin suscepti
bility. The observed y(T = 0) value is enormous, lying between 8.0 x 10-3
and 50 x 10~3emu/molG. To make a comparison with other metals, note that
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x ( T = 0) of Pd (which is the largest one among transition metals), is about
0.75 x 10~3emu/molG. Another comparison is that with the /-electron metal
Pu, for which x(T = 0) is 0.5 x 10~3emu/molG. The huge %(T = 0) value
should be directly related to the large specific heat 7-value since both of them
are proportional to the electronic density of states at the Fermi energy,
2.5

D(sf)-

R esistivity
The resistivity p of a normal metal decreases rapidly as tem perature

decreases below room tem perature and remains constant at a value which is
the residual resistivity, below 10K . At room tem perature, p for a normal metal
is roughly 1 ~ 10pflcm and the residual resistivity due to impurities and de
fects in a material is about 0.01 pQ cm. In a heavy Fermion material, p at room
tem perature is fairly large, typically about 100pflcm. Below room tempera
ture, in most heavy Fermion systems p increases with decreasing temperature.
Once p reaches a maximum, usually below 50if , it drops very fast with fur
ther decrease of temperature. The tem perature dependence of the resistivity
of selected heavy Fermion systems are shown in figure 10 [31].
In CeCu2S i 2 [18] and

UBe.\z

[3], p(T) has a peak below 10K , and

shoulders at higher temperature. In U2Z n i 7 [13] and N p B e i3 [25], the tem
perature dependence of p is similar to that stated above. But, p(T) for the
latter compounds has a rather flat region above 100if , and below a certain
tem perature, which depends on the compound, p(T) drops abruptly. p(T) for
CeAls [19] and CeCu6 [19] has a rather smooth tem perature dependence at
low tem perature compared to the systems mentioned above. Both compounds
display little tem perature dependence above lOOif similar to that of U2Z n \ 7
and N p B e i 3, and show maxima below 50if .

However, the descent of p ( T )
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Figure 10. Resistivity as a function of tem perature for selected heavey fermion
systems.
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is not as abrupt as is observed in the U i Z n n and the N p B e 13 cases. Also
p(T) for these compounds does not have any shoulder region as it does for
CeCu2S i 2 and for UBe 13. From all these observations, it can be deduced that
dp/dT for heavy Fermion systems can be of either sign, which is not true for
a normal metal. However, this deduction is not applicable to UPt3 [6]. Unlike
other heavy Fermion systems, UPt3 has a p(T) which keeps increasing with
increasing tem perature similar to a normal metal.
An increase of p with decreasing tem perature is observed in dilute
magnetic alloys. This phenomenon is explained by the Kondo effect which
is described in chapter 3. But in dilute magnetic alloys, p does not decrease
rapidly as T —►0. Instead, p becomes constant.

CHAPTER 3
T H E O R ETIC A L B A C K G R O U N D
3.1

T he Single Im purity A nderson M odel
When small amounts of transition metals axe dissolved in a nonmag

netic metal, the resulting alloy may or may not display a local magnetic mo
ment. For example, Fe in Cu has a magnetic moment but Fe in Al does not
have one. The magnetic moment of a dilute alloy as deduced from suscepti
bility measurements can be compared with that of a free atom determined by
Hund’s rule.
The presence or the absence of the magnetic moment of the impurity
may be explained phenomenologically by studying the positions of the energy
levels of the ion and the Fermi energy levels of the host metal. Depending on
their relative position, electrons might move from the impurity to the conduc
tion band of the host metal or drop from the conduction band into lower-lying
ionic levels. In addition to this, since the ionic levels are degenerate with the
continuum conduction band levels in the host, it is possible for those levels to
mix. Consequently, the ionic levels become less localized, and can change the
charge distribution of the conduction electrons near the ion.
In 1961, Anderson [8] introduced a model which combines band
like and localized behavior to explain the formation and the elimination of
the magnetic moment in dilute alloys. This model (which is called the single
impurity model) describes a system in which a single localized impurity level
25
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Ed (d or / level) is immersed in a sea of conduction electrons. All the continuum
energy levels of the magnetic ion are replaced by a single localized orbital level
Ed while the conduction electron are in band states

with momentum k. The

Hamiltonian H can be written as
H = £
k,a
where

and

+ £ E tn*, + Y . V(C£CW + C t c u ) + U n„ndl,
a
k,i7

(3.1)

(C£a and Cd<?) denote the creation and annihilation oper

ators of a conduction electron (d or /-o rb ital electron) and a refers to spin.
n% and Uda are number operators of a conduction electron with momentum k
and a localized d{or /)-orbital electron with spin cr, respectively. The strengths
of the Coulomb interaction and the hybridization are expressed as U and V,
respectively. The first and second terms in H describe non-interacting con
duction electrons in band states and electrons localized in the orbital level Ed
on the impurity. The third term represents the interaction between localized
and conduction electrons through a spin conserving hybridization. The mixing
of the localized level and the conduction band states allows the electron on
the impurity to move to a continuum states of the host metal as well as the
reverse process. The last term in H describes the Coulomb repulsion between
electrons in a localized orbital.
Before discussing the detailed condition for the formation of a mag
netic moment derived from this Hamiltonian, it may be useful to consider some
simple limiting cases. First, consider the case of large U and very small V . If
Ed is low enough for both Ed and Ed + U to lie below the Fermi energy ep, two
electrons with opposite spins can fill up the localized orbital. In this situation,
the net moment becomes zero and consequently, this is a nonmagnetic state.
On the other hand, if Ed lies below ep and Ed + U lies above ep, only one
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localized orbital below £p can be filled up while the other above ep remains
empty. Therefore, only one electron can be in the localized state. This is a
magnetic state. In the other extreme limit in which V is large with U = 0, the
localized level mixes with the conduction band states and is broadened. Con
sequently, the occupancies of up spin and down spin are equal in the localized
level and this leads to the zero net moment, which means that the impurity
loses its magnetic moment.
Since the magnetic moment m is defined as
m = < ridi - ridi >,
it is necessary to calculate < rid\ > and <

(3.2)

>. However, the Coulomb inter

action term in H makes it difficult to solve the problem exactly(it took almost
20 years be to solved exactly). Instead, it is usually approached by adopting
the Hartree-Fock approximation. The number operator nda is replaced by

^

Tldcr ^

”b [ ^ d o r

^

^d e r

(^ * ^ )

and the product [n<q— < ridi >][ud|— < n<q >] is ignored. In this approxima
tion it is found [8] that the density of localized states is

^

(£) = il/lr)( e - E i - U < n dl- , > r + A*'

(3'4 >

where the width param eter A of the virtual state is defined as
A=

ttV 2D(£F),

(3.5)

where D(£p) is the density of states of conduction electrons. From equation 3.4,
it can be seen that the d-state energy level Ed is broadened by A and the
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density of d-states has a peak at E d + U < nd,-<, >. The number of d-electrons
is determined by
< n da > = /

pdtr{e)de.

(3.6)

The integration gives
< n d+ > = (l/Tv)cot
< rid- > = (1/tt)cot~

(3.7)

In order to figure out the condition for the formation of a magnetic
moment from equation 3.7, two dimensionless parameters x, y are introduced.
x = (sp — E d)/U,
V = U/A.

(3.8)

The parameter y is essentially the ratio of the Coulomb interaction to the
hybridization interaction. W ith large y, localization is easy while with small y,
the non-magnetic state is favorable. On the other hand, the parameter x tells
us that the system may or may not be magnetic depending on the position
of Ed relative to Ef . For x = 0, E d lies at ep and for x = 1, E d + U lies
at Ep. Both cases describe the non-magnetic state. For x = 1/2, Ep lies in
the middle between E d and E d 4- U, which describes the magnetic case. From
these observations, the condition for the formation of a magnetic moment can
be deduced: y »
U

1 and x should be near neither 0 or 1. In other words,

7v V 2D { e f ) and the lower localized level E d should remain below

the upper level E d + U should stay above

Ep.

Ep

while

The condition for the non

magnetic state is obtained by assuming < n d+ > = < rid- >• The condition is
that A should be large with the effective energy of the localized level E a =
Ed + U < rid,-a > staying near

ef.
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These conditions may explain why the magnetic moment appears
when 3d-t.ransition metals are dissolved into Cu, Au and Ag which are mono
valent but not in Al which is trivalent. The local magnetic regime is where one
expects to see the Kondo effect for which the antiferromagnetic exchange be
tween the local moment of the impurity and the conduction electron in the host
metal is responsible. However, this model fails to predict the disappearance of
the local moment at low temperatures through the formation of a singlet state
with conduction electrons.

3.2

T he K ondo Effect
Since 1930, it has been well known that at low temperatures around

10K, there exists a minimum in the resistivity-temperature curve of dilute
magnetic alloys including alloys of Cu, Ag, Au, Mg, Zn with Cr, Mn, Fe, Mo
as impurities. W ithout magnetic impurities, such a minimum is not observed
in the resistivity-temperature curve in a normal metal at low-temperature.
In this tem perature region, the resistivity of a normal metal is independent
of tem perature, the residual resistivity being due to electron scattering from
impurities or defects in a solid. W ith increasing temperature, the resistivity
of a normal metal rises rapidly due to the electron-phonon scattering. Sev
eral experiments display that when a dilute alloy has a resistivity minimum,
a localized magnetic moment is also observed and vice versa. This indicates
that the resistivity minimum is connected with existence of localized magnetic
moments on the impurity atom. Also the weak concentration dependence of
the tem perature of the minimum in the resistivity implies that the interaction
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between impurities is less important than that between the conduction elec
trons and the impurity.
Kondo [7] showed that when the impurity ion has a magnetic mo
ment, the scattering of conduction electrons becomes large. In such a case,
the exchange interaction between the localized moment and the conduction
electron leads to scattering in which the spin of the conduction electron is
flipped to form temporarily a singlet bound state with the localized moment
on the impurity; this is called spin compensation. Before Kondo’s work, scat
tering had been treated only to the first order in perturbation theory. The
first order calculation does not show any anomalous spin contribution to the
resistivity. However, a calculation extended to the second order displays a log
arithmic tem perature dependence in the resistivity at low tem perature due to
the scattering process in which the electron changes its spin direction.
The exchange interaction between the localized moment and the con
duction electron, the so called s — d interaction, can be written as
- .E
k,cr,k',c'

(3.9)

and the exchange integral Jj: p is given by
2

Jss> = J/ ‘P n t K f J M n - ft.) J/ <Pr2. . e . M fi - ft.K-.fri), (3.10)
|

where

T j

—

7’ 2

|

and Cj:a(C+a and Cn<er) are creation and annihilation operators of

a conduction electron (an electron in a localized orbital), and a refers to the
spin along the z-axis.

— R n) is a localized orbital on the impurity atom

located at R n. <j>%(r) is the wave function of the conduction electron of the host
metal in a continuum state k with energy E p Equation 3.9 includes terms
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The last two terms flip the spin of the electron by the exchange interaction while
the first two terms do not. Also, with the assumption that the magnitude of
the exchange integral is a constant «/,

p can be rewritten as

= ( J / N )exp[i(k - k' ) • R n],

(3.12)

is replaced by its expansion in terms of Wannier functions w ( r —R)

where

h if) =

• Ri)w (r ~ Ri).

(3.13)

Then, the perturbed Hamiltonian H' can be expressed as
H'

= i - J / N ) £ e x p [ i ( k - k f) - R n]
n,k,k'

where Sn is the spin operator of the n -th impurity atom and Sn± is defined as
S„+ = C+t C « j,

= C +C „t .

(3.15)

The transition probability W per unit time from the initial state a to the final
state b in the second order Born approximation is given by
W (a^b)

= (27r/h)6(Ea - E b)[HlabH ,ba
+

U K c K b H L + complex conjugate)/(Ea - Ec)], (3.16)
c^a

where a, b and c refer to states of the total system with energies E a, Eb and
E c respectively.
The calculation of the transition probability W including only the
first-term in H' ( k ± —*• &'±) reveals that the scattering through intermediate
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states without changing the direction of spin is independent of the FermiDirac distribution function f ( E ) .

This scattering can be treated similar to

the potential scattering of a conduction electron in a normal metal. Only the
scattering with a change of direction of spin in intermediate states leads to a
transition probability which depends on f { E ) . If we consider only this term,
the transition probability W to the second-order is
W ( k ± -+ k'±) = {2tvJ2S{ S + l)C/3fcJV}{l + 4Jg{en}6{en - ep),

(3.17)

and
9 (£) =

f ( £<r)/(£q ~ s)>

(3-18)

where q is the intermediate state of an electron with energy e9-. In a similar
way, the contribution to W of spin-flipping processes, which are the second
and the third terms in H', is
W { k ± -* k'T) = (4ttJ 2S ( S + 1)C /3^^}{1 + 4Jg(es}6(en - ep),

(3.19)

which is just twice the right-hand side of equation 3.17.
To evaluate g(e) at low tem perature, it is assumed that
/(e )

=

1

for

e < 6f

=

0

for

e > ep,

(3.20)

where ep is the Fermi-energy. A parabolic energy band is assumed there. With
this assumption, g(e%) is obtained as
9{£s) = (3*/2ep)[l + {k/2k0)ln\ (k - k0)/(k + k0) |],

(3.21)

where z is the number of conduction electrons per atom and ko is the Fermi
momentum. From this expression, it can be seen that W increases when the
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electron approaches the Fermi surface, if J is negative. This means that only
the conduction electrons near the Fermi energy can interact strongly with the
local moment.
Further calculations show that the spin dependent contribution to the
resistivity is

and

pm

Pspin = cpM[1 + {3zJ/e)lnT],

(3.22)

pM = 3tt m J 2S ( S + l) ( V / N ) /2 e 2heF,

(3.23)

is defined as

where m is the mass of an electron, V is the volume of the crystal, and c is the
concentration of the impurity. pM is a measure of the strength of the exchange
scattering. As can be seen, the In T term in equation 3.22 leads to an increase
in resistivity at low temperatures if J is negative. When p spin combines with
the phonon contribution to the resistivity, which is proportional to T 5, there
exists a minimum in the resistivity at a tem perature which is proportional
to c1/5. This result agrees with experimental observations in magnetic dilute
alloys including the logarithmic tem perature dependence of p and the position
of Pmin •
Kondo’s work leads to the conclusion that a resistivity minimum oc
curs only if J is negative which favors the antiparallel spin alignment of the
localized magnetic moment and conduction electrons near the Fermi surface.
Although the logarithmic tem perature dependence of the resistivity succeeded
in accounting for the resistivity minimum of dilute magnetic alloys, there is
a divergence problem at T = 0. Later, Kondo and others were able to re
move this zero tem perature divergence and it turned out that the resistivity

34
approaches a limiting constant value asT —►0. Also, the specific heat calcula
tion at low temperatures in the presence of s — d interaction predicts

that the

change in the specific heat 8CV with respect to linear tem perature dependence
of the electronic contribution is
8CV ex Tln(TK/ T ) ,
in which the Kondo tem perature

Tk

(3.24)

is defined as

kBTK = Dexp[l/2JD(eF)],

(3.25)

where D is the conduction band width and D(e) is the density of states of the
conduction band under the assumption
D(e)

Below

Tk,

=

D(eF),

=

0,

if

- D < e < D,
otherwise.

(3.26)

anomalies in physical properties appear. 8CV becomes important

as T —*■ Tk - For temperatures T < Tk , 8CV increases and then reaches a
maximum

around T

~ |

Tk-

As

T decreases further more, 8CV also decreases.

The occurrence of a maximum in 8CV is due to the formation of a spin singlet
ground state.

3.3

T h e M odel H a m ilto n ia n
At low temperatures, most heavy Fermion systems show a large in

crease in specific heat, Curie-Weiss like magnetic susceptibility and an increas
ing resistivity as the tem perature is lowered. This behavior is also seen in dilute
magnetic alloys. Since the Kondo effect describes the situation for dilute alloys,
it is reasonable to apply similar methods to heavy Fermion systems.
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The dilute alloy is well described by the single impurity Anderson
Hamiltonian. However, since heavy Fermion systems have a relatively high
concentration of /-ions, the single impurity Anderson model may not be a
suitable choice. Instead, the heavy Fermion systems might be considered as
a system in which / ions, each with a magnetic moment, are dissolved in a
metal. In this scheme, it is reasonable to adopt the lattice Anderson model
which is the generalization of the single impurity model in which there is an
/-ion on each lattice site. The lattice Anderson Hamiltonian can be written as

H=

eJenk,<r
k,<7

*bct {k)cfoti) + ^

*<a

UnfaiTlfpi,

k,i,j,a,a
(3.27)

where i , j refer to the lattice site and a,/3 refer to an appropriate basis set
that reflects the full 14-fold spin and orbital degeneracy of the /-level. The
conduction electrons are in band states eg with momentum k. n g CT is the
number of electrons in the conduction band with momentum k and spin a . rif
is number of electrons in the /-o rb ital.
There have been many different attem pts to solve the lattice Ander
son model analytically. But all of them involve approximation methods such
as variational methods [26] and expansions in powers of the spin and orbital
degeneracy of the /-levels N ( l / N expansions [27, 28]) in the limit U —* oo, in
order to describe the essential features of strong correlation.
In our calculation, we use the non-degenerate lattice Anderson model.
The orbital degeneracy of the /-o rb ital is not included. And the band states of
the conduction electrons are replaced by discrete states. The non-degenerate
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lattice Anderson Hamiltonian H 0 can be written as
H° = t Y l ctaci° + e j Y1
i,j,cr

i,<T

+ V ( J 2 ct f j * + f t c3°) + U J 2 nM n fUi (3-28)
i,j,cr

i

where c+ , c,>(/,£, /,>) refer to the creation and annihilation operators of an
electron in conduction orbital(/-orbital) and cr,

j refer to spin. The first

term describes the conduction electrons derived from s,p, and d-states as free
electrons; the Coulomb interaction among these electrons are ignored. Electron
hopping is only allowed among conduction orbitals on nearest neighboring sites.
t is the hopping integral and the other parameters E f , V and U are expressed
in terms of t. The second term represents the energy level E f of the isolated
/-orbital. The third term represents the spin conserving hybridization of the
conduction orbital electron and the /-orbital electron on nearest neighboring
sites. In general, V is small compared to U, but it broadens the localized energy
level E f by an amount of the order of V 2/ E f . The fourth term describes the
Coulomb interaction between /-orbital electrons on the same site.

and

Ufa refer to the number operator of the /-orbital electron with up spin and
down spin, respectively. Since we are interested in Kondo-like behavior, it is
reasonable to study the local moment regime. Therefore, the parameters E f , V
and U need to be chosen in such a way that the / orbital electron occupancy
n / is close to 1. As mentioned in section 3.1, this requires that U »

V,

and that the energy E f of the localized /-level be considerably lower than the
Fermi energy e p , but the Coulomb interaction U is strong enough to prevent
the double occupancy in the /-orbital.
There are some differences between the lattice model and the single
impurity model. In the lattice model, it is possible to form coherent states
due to the periodic arrangement of / atoms. In other words, electrons can
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propagate coherently through the lattice owing to the constructive interference
among electrons scattered from the periodic lattice of ions. This feature may be
able to explain the fast descent of the resistivity in the heavy Fermion system
as T —>0, which is mentioned in section 2.5.
In order to investigate the effects of an external magnetic field on
the system, the Zeeman energy term is added to H0. The Zeeman splitting
is expected to suppress the spin degree of freedom and to reduce the entropy
of the system at low tem perature. Consequently there will be a change in the
specific heat.
As opposed to the work of other groups [11, 12] which is based on a
single-particle picture, our approach is based on many-body states. Also, our
calculation is expected to work better for the strong magnetic field case due
to the lack of the continuum states ascribing to the small size of the cluster.
Our calculation results are compared with the experimental data measured by
Stewart et al. [9], which is described in section 2.3. The reason for the choice
of their work for comparison is that the applied magnetic fields used by them
are much stronger than those used by other groups [10, 11]. In the following
chapter, we present the work of other groups related to our calculation.

CHAPTER 4
T H E E X P E R IM E N T S A N D TH E M ODELS O N CeCu6
Other groups have also investigated the external magnetic field depen
dence of the specific heat of CeCuQ. Amato et al. [10] measured the specific
heat of a single crystal CeCu& in the presence of various external magnetic
fields, up to 7.5T. They also investigated the anisotropy of the specific heat by
applying external magnetic fields along the principal axes of an orthorhombic
crystal, namely the [100], [010], and [001] directions, It turns out that the
change in the specific heat is largest when an external magnetic field is applied
parallel to the [001] direction. In the [100] and [010] directions, it is observed
that there is little change in the specific heat even at B = 7.5T, as shown in
figure 11 [10]. Also, above 4.5T, they observed a maximum in C / T , which
moves to higher tem perature as the magnetic field is increased. This behavior
is also observed by Stewart et al. [9].
Edelstein [12] proposed a model in which CeCu6 was treated as a
dilute Kondo system. His model combines both Kondo and crystal-field effects.
The calculation of the specific heat in the absence of an external magnetic field
is based on the resonant level model [29]. The resonant level model is a special
case of the single impurity Anderson model with the Coulomb interaction U = 0
and the localized impurity energy level E j = 0. In this approximation, the
density of the localized states D(e) has a Lorentzian resonance width A, which
is roughly &bTk, where T k is the Kondo temperature. The specific heat with
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zero external magnetic field, C(T, 0), is given by
C(T, 0) = N

^

e D ( e ) f( e /k BTK)de,

(4.1)

N a is the Avogadro’s number, / is the Fermi-Dirac distribution function, and
D{e) = A/7r(62 + A 2).

(4.2)

To investigate the magnetic field dependence of the specific heat, C ( T , B ) , a
thermodynamic Maxwell relation is applied. C ( T , B ) is given by
C(T, B ) = C(T, 0) +

£

M (T , § ' ) ■dB'.

(4.3)

In order to calculate C(T, B), the crystal-field anisotropy of the mag
netization is considered. Due to the anisotropic crystal structure of CeCu6,
which is orthorhombic, the crystal field effects are expected to be large. Ac
cording to experimental measurements [10, 30] , the magnetic susceptibilities
along the [100] and [010] directions are less tem perature dependent than that
along the [001] direction at low temperatures, as shown in figure 12 [10]. Also
the change in the magnetic moment is large when an external magnetic field
is applied along the [001] direction, as shown in figure 13 [10]. From these
observations, it is expected that the specific heat might be approximately in
dependent of external magnetic fields in the directions of [100] and [010]. Only
the magnetization in the [001] direction Mooi is included in the calculation of
C{T,B). Mooi is given by
___

M001 = 2NA(ib

r+ oo

/

crD(e + <riiBB)f(e/kBT)de.

(4.4)

<r=±l J ~°°

The computed values of C(T, B) are compared with the experimental
values for B between 0 and 7.5T in the [001] direction measured by Amato et
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al. as described above. As shown in figure 14 [12], the model values reasonably
agree with the experimental data qualitatively. But the computed crossover
tem peratures are consistently lower that those of the experimental data.
Satoh et al. [11] measured the specific heat of CexL a \ - xCuQ with
varying concentration of C t in the system in the presence of an external mag
netic field up to 5T, along the [001] direction. First of all, they observed the
strong anisotropy in the specific heat data in the presence of an external mag
netic field, as observed by Amato et al. [10]. By varying the concentration of
Ce in the system, they investigated the difference in the magnetic field depen
dence of the specific heat between dilute and dense Kondo systems. In both
dilute and dense systems, the suppression of C / T is observed in the presence
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of an external magnetic field. W ith increasing B, 70( = ( C / T ) t = o ) decreases
almost linearly for the dilute cases, x = 0.1 and 0.5. However, for the dense
cases, x = 0.9 and 1.0, the magnetic field dependence of 70 shows a systematic
deviation from the behavior for the dilute cases below about 2T, as shown in
figure 15 [11]. In order to calculate C / T for the dilute system as a function of
tem perature and magnetic field, they used a resonance level model which was
also used by Edelstein [12]. Contrary to Edelstein’s work, they assumed that
the applied magnetic field simply broadens the width of the peak, A
A g = A 2 + ( a B ) 2,

(4.5)

where A is the zero-field width of the resonance and a: is a coefficient. The
specific heat in the presence of an external magnetic field is given by
C ,T = T

/ r ^ ( s ) df(e/gk^ TK)de,

(4.6)

where N a is the Avogadro’s number and / is the Fermi-Dirac distribution
function. The density of states D(e) is given by equation 4.2. For T = 0K ,
7„ = (C /r ) T=0 = - 7 - - ? — — ■
3 ^ A a + (ccB)2

(4.7)

For x = 0.1 and 0.5, the model predictions are in reasonable agree
ment with the experimental data. But for T > I K , the calculated C / T values
are larger than the experimental values. For x = 0.9 and 1.0, the calculated
values are fairly large for 0 and IT compared with the experimental data. See
figure 16 [11]. Also, unlike the dilute cases, % does not obey equation 4.7,
especially below 2T.
From these observations, they concluded that there is a difference in
the magnetic field dependence of the specific heat of dilute and dense systems.
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The resonant level model, in which one treats CeCu6 as a dilute system, breaks
down below 2T, presumably due to the interaction between 4 / electrons. How
ever, in Satoh’s work, there is no crossover between zero field and non-zero field
C / T data which is which is observed in both Amato’s and Stewart’s works.
Also there is no peak in the C / T curve with increasing magnetic fields.

CHAPTER 5
M ETH O D OF CA LCULATIO N
We have chosen tetrahedral geometry for our model. The 3-dimensional
geometry is chosen instead of 2-dimensional ones such as a square or a rhom
bus in order to work on a model closer to reality. We arrange 4 lattice sites
to form a tetrahedron. It is assumed that on each lattice site, there exist two
non-degenerate orthogonal states, one conduction orbital and one /-orbital.
In the following sections we briefly describe how to choose and to
generate the basis set and to build the m atrix form of the model Hamiltonian
H0, how to add the external magnetic field to the system, and finally, how
to calculate the specific heat in the presence of a magnetic field, especially
referring to CeCu6.
5.1

Basis
Since we are dealing with a many-electron system, it is natural to use

the second quantization formalism. In using this formalism, it is important
to choose the proper basis set because the problem of diagonalization of the
Hamiltonian becomes simpler with the appropriate choice of a basis set. We
choose a basis set of eigenstates of the orbital occupation numbers, n1(T for
each spin. Here, the subscript i refers to the orbital(odd integer i refers to a
conduction orbital and even integer i refers to an / orbital) and a refers to the
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^-component of the spin. So a typical basis state might look like
I > = |rciT;n 2 P ra3T>w4T)n5T> n 6T,ft7T)tt8t > ln U> n ^ii n 3|> n *U n 5 h n 6 h n 7 b n 8| > •

(5.1)
It is important to label the basis states in a consistent way through the calcu
lation since the many-fermion wave function changes sign when electrons are
interchanged.
Since the model Hamiltonian H0 commutes with the total spin S of
the entire system and its 2-component Sz, we can generate the basis set for
each S z value. W ith a fixed value of Sz, we generate the basis set by finding all
the combinations of electrons in the orbitals which give the same value of Sz.
The bases of the spin-up part and the spin-down part are generated separately.
Because we are dealing with a fermion system, the occupation number nttT of
the same spin state in each orbital must be either 0 or 1. This property makes
it possible to represent the basis in binary numbers. In the computer program,
the bases of the spin-up part and the spin-down part are generated separately
by the subroutine GENLST in the manner described above. Finally, we get all
the basis states of the system from the direct product of the spin-up basis and
spin-down basis as shown in equation 5.1 with all possible combinations.

5.2

T he M atrix E lem ents o f the M odel H am iltonian
The m atrix elements of the model Hamiltonian H0 are calculated in

the basis of orbital occupation numbers as explained in the previous section.
W ith our choice of the basis, the on-site terms in H0(/-orbital electron energy
E f and the Coulomb interaction U between /-orbital electrons) become the
diagonal elements of the matrix. In other words,
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9

if nJ(7 = 1, for i=even integer, the diagonal m atrix element is Ej.

9

if n ,| = n ,| = 1, for z=even integer, the diagonal m atrix element is
2E f + U.
On the other hand, the hopping and the hybridization terms in H0

give the off-diagonal m atrix elements since these operators act on electrons in
nearest neighbor sites. W ith the tetrahedral arrangement of lattice sites, each
site has three nearest neighbors.
There are other conditions to be satisfied by the hopping and the
hybridization terms. One is that we do not allow more than one electron to
change orbitals at the same instant since ct* ct<7 is an one-body operator. Also,
it is necessary to be cautious about the extra negative sign whenever the states
are interchanged since creation and annihilation of electrons must be done while
satisfying fermion operator anti-commutation relations. However, the hopping
and the hybridization in this model Hamiltonian do not exchange the spin of
the electrons involved. The Fermion sign factor s resulting from operating with
cfaCja can be expressed as
= ( - 1 ) " ',

(5.2)

where
=

(5-3)
1= 0/

and
a = m i n ( i ,j) + 1,

/? = max(i —l , j — 1).

(5.4)

In the computer program, the subroutine SIGN determines the extra sign 5.
Keeping all these factors in mind, hopping and hybridization connect basis
states according to following rules:
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• i and j should be nearest neighbors.
® The state must be either

= 1 and

= 0, or

= 0 and nJ£r = 1.

® For hybridization, either i is even and j is odd or vice versa.
® For hopping, both i and j must be odd.
Once the m atrix of the Hamiltonian H0 is set up, one can calculate
the eigenvalues i?a (0) of Ha. We used the exact diagonalization method to
get eigenvalues. In the computer program, this is performed by calling the
subroutine DSLEV from the ESSL Library.
Since S z is a good quantum number, it is possible to break up the
m atrix of H0 into blocks with the same Sz value and diagonalize these blocks
individually in order to increase the efficiency of computing. It is critically
important to reduce the order of matrices because the cpu time for diagonal
ization scales approximately as (N 1 / N 2 )3, where Ni and N 2 are the orders of
the matrices involved. W ith our method, we are able to considerably reduce
the working memory size, too. For instance, with 8 electrons in the system,
the dimension of the m atrix of H0 becomes 8885x8885. However, by dividing
the m atrix H0 into blocks as outlined above, the orders of matrices are reduced
considerably. For example
for Sg = 0,

order of m atrix = 4900

for Sz = ±1,

order of m atrix = 3136

for S z = ±2,

order of m atrix = 784

for S z = ±3,

order of m atrix = 64

for Sg = ±4,

order of m atrix = 1.

The energy eigenvalues F?a (0) are stored by grouping them by their Sz value.
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5.3

T he A ddition o f th e E xternal M agnetic Field to th e S ystem
The next step is the addition of an external magnetic field 5 to the

system. In this calculation, we only consider the coupling of the spin to the
5-field. Even though atomic Ce has two f-state electrons, the orbital angular
momentum coupling to the 5-field is ignored in this model because the calcu
lation becomes intractable if degenerate orbitals are considered. Further, we
expect the orbital angular momentum to be quenched in the solid. The spin
coupling Hamiltonian Hi due to the 5-field can be written as
if, = gltBS ■ '£ & ,
i

(5.5)

where 5,- is the spin operator of the ith electron.
Since Hi commutes with 5 0, it is not necessary to diagonalize the
total Hamiltonian, H j = 5 0 + 5 i , to get the energy eigenvalues E a(B). E a(B)
is obtained by adding the eigenvalues of Hi to E a(0) which gives
E a(B) = E a(0) + g u s m B ,

(5.6)
—♦

where m is the eigenvalue of the ^-component of the total spin operator S.
In this way, we can avoid diagonalizing the m atrix H t every time when the
external 5-field is varied, which saves a lot of computing time.

5.4

Specific H eat Calculation
We can calculate the partition function Z in the canonical ensemble

when the eigenvalues E a( B ) are known. From this one can obtain the heat
capacity Cv,
c-

=rW< e 2 >

- <

e

>%

(5.7)
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where the mean energy is given by
< E >= ( £ E a,me-ME°’mW - E<>lB»)/Z,

(5.8)

a,m

and
Z = £ exp{-0(E„,n (B) - E,(B))],

(5.9)

O f,171

is the partition function for the system. In these equations

= 1 / k s T and

Eg{ B ) is the ground state energy in the presence of the external magnetic field
B. Note that the energies are measured from Eg(B).

CHAPTER 6
R E SU L T S
At the beginning, it is useful to discuss the single particle energy levels
since this information can provide some idea of how the localized energy level
and the conduction energy level can be affected by hybridization. Also, the
knowledge of single particle energy levels helps understand the distribution of
electrons in the /-orbital and c-orbital.
Since the m atrix Ho is exactly solvable without the on-site Coulomb
interaction, single particle energy levels are obtained by diagonalizing Ho on
the basis of eigenstates of occupation numbers on each orbital. The eigenstates
are classified according to the point group of the tetrahedron. In the case of a
tetrahedral cluster, the single particle levels are
= \ [ E S + 3t ± { ( E j - 3f)2 + 36V 2Y %

(6.1)

Et. = \ { E , - t ± {(E , + t f + 4V2}1' 2],

(6.2)

Er,

and

where 1/ and T4 refer to non-degenerate and triply degenerate states, respec
tively. W ithout hybridization, the energies of states I \ ( Er,) and T4( Ep4)
are Ej, 31 and E j, —t, respectively. This implies that the energy level of a
conduction electron is represented by two discrete levels —t and 31 instead of
being a continuum of levels, while the localized level remains at Ej. It may be
said that the band width of the conduction orbital is At. The discrete energy
53
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levels of the conductioon orbital are expected in a cluster calculation due to
the small size of the system. But as it turns out, the cluster calculation can
still produce a large enough number of states for one to perform a meaningful
thermodynamic calculation.
Once the hybridization V is turned on, the /-orbital level E f is shifted
depending on the position of Ef relative to the conduction level. For small V,
E Tj and f?r4 can be expressed as
Er, = E , + 9 V 2/ { E , - it),

(6.3)

EVl = 3 1 - 9V 2/ ( E f - 31),

(6.4)

E t , = E , + V 2/ { E t + 1),

(6.5)

Er4 = - t - V 2/ ( E f + t).

(6.6)

or

and

or

Due to hybridization, the /-orbital energy level Ej is moved downward and
the conduction level is shifted upward when Ef is below the conduction level.
The /-level Ef is broadened to form a narrow band whose width is of the
order of V 2/ Ef . For t > 0, the lowest level is the nondegenerate / level in
which two particles with opposite spin can be placed. The second lowest level
is triply degenerate / level in which six particles can be put. The next level is
triply degenerate conduction level. From all these observations, it is possible
to estimate the ground state energy of the system.
By varying E f with fixed i, U and V, we search in the region where
the /-orbital occupation number n / is close to 1. Starting with a negative value
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of E f such that \Ej \ < U, E f is gradually increased up to values above the
point where the conduction orbital are fully occupied. When E f is negative and
\ Ef \ >

U, the /-orbital is maximally occupied on each site. As \ Ef \ decreases,

the occupancy in the /-orbital gradually decreases. W ithout hybridization,
the occupancy of the /-orbital will change from 2 to 1 like a step function.
However, hybridization changes this picture. Instead, there is region where the
transition occurs. If E f lies in the range
£?> < E f + U < E ? \

(6.7)

where E ^ is the energy of the lowest empty state in the conduction levels
and E ^ is the energy when one particle per atom has been transferred to a
conduction orbital, the site configuration changes from f 2 to f 1. W ith a further
increase in E f , the occupancy in the /-orbital becomes close to 1 when
E lx) - U < E f < E il).
This is the Kondo region.

(6.8)

The system avoids a large repulsive energy by

forming local moments on each site. The c-electrons couple to these moments
and a Kondo effect is possible in bulk systems. As E f keeps increasing through
the range
£<■> < E , < £(*>,

(6.9)

where E ^ is the energy when two electrons per site have been transferred
to the conduction orbital, the /-orbital occupancy moves from / 1 to f°. In
this region, the hybridization between c and / states becomes strong. When
Ef > E ^ \

there are no particles in /-orbitals any more. All the particles

have been transferred to the conduction orbitals. In this region, / states are
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excited states. A bulk system in which the c states are fully occupied will be
an insulator and a bulk system in which the c states are partially filled will be
a metal.
Since we are interested in the region where the electron in an /-state
has a magnetic moment, we study the region where E j satisfies equation 6.8. In
general, the exact diagonalization of m atrix Ho shows that for most occupancies
the ground state is always the lowest spin state possible. The ground state is
a spin singlet for N = 8 and a spin doublet for N = 7. Near the ground state
Eg, there are many low lying excited states as shown in figure 17.

In the N = 8 case, within the first manifold including the ground
state, there are 240 states including 21 singlets, 36 triplets, 18 quintets, and 3
septets. The width E l of this manifold is the order of V 2/ E j . These low lying
excitations are due to the rearrangement of the spins of /-orbital electrons.
W ithin this manifold, the spins of electrons in the / - states and in the c-states
couple with each other, but the occupancy in the /-state, r if, is always rij « 1.
The first excited state E i is always spin triplet. The energy difference E \ — E g
corresponds to the energy required to break up the singlet ground state formed
by the local moment and the conduction electron in the Kondo effect in bulk
systems. For a small V , E \ is much smaller than E l , but as V increases, E g is
shifted lower and isolated more. Since there are a lot of states within a small
energy range, the specific heat would be very large. The more states there are
for fixed N , the larger is the specific heat. As tem perature increases from zero
to k s T ~ E \ — E g, a peak in the specific heat is expected. For increased V,
the peak will move to the higher temperature because E \ — E g increases as V
increases. The second manifold begins at an energy above the first manifold
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corresponding to that required to transfer one electron from an /-sta te to a
c-state. This energy can be estimated from the single particle energy levels. As
tem perature increases, there can be another peak due to the excitations within
the second manifold. For the N = 6 case, the general picture is very similar to
that for the N = 8 case. The energy difference between the ground state and
the first excited stated are roughly equal to that of the N = 8 case. However,
there are not as many states within the first manifold because of a smaller
number of particles in the system. This feature can be seen in the specific heat
data. The magnitude of the peak is smaller than that of the N = 8 case.
For the N = 7 case, the ground state is a spin doublet and the first
excited state is also a spin doublet. The energy difference between the ground
state and the first excited state is greater than that in the N = 8 case with the
same choice of parameters U, V , E f and t. This implies that the first peak in
the specific heat occurs at higher tem perature than that of the N = 8 case.
Since we are interested in the specific heat of heavy Fermion systems,
we choose the parameters E f and U in order to satisfy n f « 1. In a normal
metal, the width of the conduction band is of the order of a few eV. Since the
energy splitting of conduction states is roughly 4t in this cluster calculation,
we think that it is reasonable to select t = leV. Also, we fix E f = —3.01
and U = 5.02 in order to have n / ~ 1. W ith these fixed parameters, the
hybridization V is changed from O.Oli to O.li. For each V , we diagonalize the
m atrix Ho in order to get the energy eigenvalues. Once we get the eigenvalues,
we can simply add the Zeeman energies according to their spin states. The
specific heat is calculated by using equation 5.7 from B — 0 to 24T. we also
varied the number of particles, N, in the system as well as other parameters and
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the magnetic field. In the following sections, the results are presented according
to each hybridization V and compared qualitatively with experimental data
from Stewart et al. [9].

6.1

V = 0 .0 1 t
For the N = 8 case, the ground state energy Eg is —16.0005172 and

the first excited state energy Ei is -16.0004722. E g can be estimated from the
single particle energy levels. In this estimation, there are 4 particles in both
the / - and in c-orbitals. The estimated value of Eg is —16.00012. The ground
state is non-degenerate and the degeneracy of the first excited state is 9. The
difference between Ei and E g is ~ 4.5 x 10~52. The difference between E 2 and
E\ is ~ 4.8 x 10-52. The width of the first manifold is about 3.3 x 10-42. In
the absence of an external magnetic field, there are two peaks in the plot of
the specific heat C against T. The first peak appears at k s T ~ 1.3 x 10-52, is
then followed by a small valley, and then the second peak appears at k g T ~
4.4 x 10-52. The second one is larger than the first one.
The first peak results from the excitation of some particles from the
ground state to the first excited state, and the second peak from the excitation
to the second, third, and fourth excited states. The appearance of double peaks
at low temperatures is due to the large spacing between E 2 and E\ which is
comparable to E\ —Eg. As tem perature increases, a third peak appears around
k s T = 1.32, which is due to the excitation of states in the second manifold.
When an external magnetic field is imposed, the first peak disappears with
B = IT for 2 = leV. W ith B — IT , the spin of the ground state switches
from Sz — 0 to Sz = —1. W ith increasing magnetic field, the spin state of the
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ground state becomes S z = —3 and the energy difference between the ground
state and the first excited state keeps increasing. This feature is reflected in the
specific heat data. As the magnetic field increases, the position of the peak in
the plot of C against T moves to higher tem perature and the magnitude of the
peak increases gradually. However, the maximum due to the second manifold
is not affected by the magnetic field up to 24T since 24T(~ 2.78 x 10_3i) is too
small to change the states around 21 above the ground state. See figure 18.
When C / T is plotted against T 2 with zero field, it has enormously
large values below 0.15if and drops very rapidly. W ith B = 4T, C / T values
are reduced more than 3 times and the position of the peak moves to a higher
temperature. W ith further increase in the magnitude of the magnetic field,
the peak in the plot of C / T against T 2 is broadened and its magnitude is also
reduced. A similar feature is also seen in the plot obtained from the specific
heat experiments on CeCu§. However, when compared with the experimental
results which are shown in figures 5 and 6, the calculated C / T data decreases
for smaller magnitudes of the magnetic field than those in the experiments.
See figure 19.
Therefore, the result with V — O.Olt does not fit on the experimental
results even qualitatively. This rapid suppression of C / T is due to small V.
For the N = 7 case, because of a net moment, the spin compensation
of the local moment and the c-spin in bulk systems is not as complete as in the
N = 8 case. But the ground state still has the lowest possible spin, 1/2. The
ground state energy Eg is —15.000576^ and the first excited state energy Ei
is —15.0004861 The degeneracy of the first excited state is 6. The difference
between E\ and Eg is 9 x 10-5^ which is larger than that in the N = 8 case.
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Figure 18. Specific heat versus InT determined from the model cluster
calculations for N=8: Parameters are t = leV , Ujt = 5 , V/t = 0.01, and
E f / t = —3.0: fields of 0(solid line), llT (d o tted line), 14.5T( short dashed
line), and 24T(dot dashed line).
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F ig u re 19. C / T versus T 2 determined from the model cluster calculations
for N=8: Parameters are t = leV , U/t = 5, V/t = 0.01, and E f / t — —3.0:
fields of 0(solid line), llT (d o tted line), 14.5T(short dashed line), and 24T(dot
dashed line).
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W ith no magnetic field, unlike the N = 8 case, there is only one peak in the plot
of C against T which occurs around k s T ~ 4.1 x 10~52, as shown in figure 20.
The reason why there is only one peak instead of two peaks in the specific heat
data is that for N = 7, the degeneracies in the low lying excited states and the
relative spacings between levels are different from those for the N = 8 case.
The ground state with no magnetic field is spin doublet. In the presence of
magnetic field, the energies are shifted according to their spin value. W ith B =
IT, and B = 2T, the spins of the ground state are —1/2 and —7/2, respectively.
The quick switch to a higher spin ground state is due to the smallness of V.
The tem perature dependence of C / T is similar to that of the N = 8 case. W ith
B = 4T, C / T is reduced more than 3 times compared to IV = 8, but the peah
is narrower than that of the N = 8 case. A field of 8T is sufficient to suppress
the upturn in C /T , as shown in figure 21. This calculation does not fit the
measurements because of the same reason mentioned in the N = 8 case.
From the studies of the N = 8 and N — 7 cases with V = 0.012,
we conclude that the hybridization strength is too small to produce results
comparable to the experiments.

6.2

V = 0 .0 2 t
For the N = 8 case, Eg is —16.00206672 which is lower than that in

the V ~ 0.012 case. E\ is —16.00188852 and E\ —Eg is ~ 1.78 x 10_42. The
width of the first manifold is ~ 1.33 x 10-32. The distribution of electrons
in orbitals is identical with that for V = 0.012. Compared to the case in
which V = 0.012, Eg is pushed down and the difference between E\ and Eg
is increased about 4 times. The width of the first manifold is increased by 4
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F ig u re 20. Specific heat versus InT determined from the model cluster
calculations for N=7: Parameters are t = leV , U/t = 5, V /t — 0.01, and
E f / t = —3.0: fields of 0(solid line), llT (d o tted line), 14.5T( short dashed
line), and 24T(dot dashed line).
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F ig u re 21. C / T versus T 2 determined from the model cluster calculations
for N=7: Parameters are t = l e V , U/t — 5, V /t = 0.01, and E j / t — —3.0:
fields of 0(solid line), llT (d o tte d line), 14.5T( short dashed line), and 24T(dot
dashed line).
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times, too. All the energy scales are increased by a factor of 4 by doubling
V. This is consistent with the observation that the localized energy levels are
broadened by an amount of the order of V 2/e/. All these changes caused by
increasing V are shown in the specific heat results. As mentioned in the case
o f V = O.Olf, there are double peaks in the plot of the specific heat C against
T at k s T ~ 5.3 x 10~5f and 1.74 x lQ-4f, respectively. The magnitude of these
peaks are roughly identical with those of the V = O.Olt case although these
peaks are shifted to higher tem peratures as expected, as shown in figure 22.
The magnitude of the peaks is similar because the degeneracies of
each energy level are not changed even though the spacings between levels are
changed. W ith B = 2T (~ 2.3 x 10~4t), the spin of the ground state is switched
from S g = 0 to S g = —1 and the first peak in the specific heat disappears. W ith
B = 5T and B = 6T, the spin of the ground state switches to Sz = —2 and
Sz = —3, respectively. W ith B = 5T, the first peak appears again around
k g T ~ 2 x 10-6t and the second peak becomes broad. This specific heat
feature can be understood by looking at figure 17 which shows the energy
splitting by magnetic fields in the first manifold. When B ~ 5T, there are
many states near the ground state with small excitation energies. These states
will certainly contribute to the specific heat at very low temperature. As B
is increased up to 7T, these low lying excitations disappear and there is only
one peak in C. The further increase of B causes an increase in the excitation
energy from Eg to E\ and the peak in C is shifted to higher temperatures.
As expected, in order to suppress the upturn as T —» 0 in C /T ,
a larger magnitude of the magnetic field is required compared to the V =
O.Olf case. In order to compare our results with experiments, we chose B
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= 11T, 14.5T and 24T in accordance with experiments by Stewart et al. [9].
W ith B = 11T, our calculation shows that C / T is reduced by more than
2 times, compared to C / T ( B = 0) and a crossover between the two curves,
C / T ( B = 11T) and C / T ( B = 0) occurs around T 2 ~ lOiif2; the experimental
value is T 2 « 9 K 2. In addition, with B = 14.5T and 24T, the crossover in
our calculation are appeared at T 2 ~ 13if2 and 261-sT2 respectively, while the
experimental values are T 2 ~ Y1K2 and 30A2 respectively. The strong upturn
in C / T at low temperatures is completely suppressed at B = 24T, which agrees
with the experiment. Even though the calculation can not produce the same
values of C / T as the experimental data, the general features of the magnetic
field dependence of C / T agree roughly with measurements on CeCu&. See
figure 23. Another difference in C / T between the calculated and measured
values shows up as T —►0. In a bulk system, the energy levels are almost
continuous above the ground state, but in the cluster calculation, this is not
true. In the cluster calculation the energy levels near the ground state are
discrete levels and the peak in the specific heat results from the excitation
between Eg and low lying excited states. This is similar to what happens in a
two level system. Therefore, as T —>0, the specific heat goes to zero.
We also calculated the entropy S of the system only including the
states within the first manifold. By using the thermodynamic relation, the
entropy S is given by
(6.10)

or
S (T) = kBlnZ+ < E > /T,

( 6 . 11 )

where Z is the partition function. We perform the calculation of S by using
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F ig u re 22. Specific heat versus InT determined from the model cluster
calculations for N=8: Parameters are t = leV , U/t = 5, V/t = 0.02, and
E f / t = —3.0: fields of 0(solid line), llT (d o tted line), 14.5T( short dashed
line), and 24T(dot dashed line).
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F ig u re 23. C / T versus T 2 determined from the model cluster calculations
for N=8: Parameters are t = leV , U/t = 5, V ft = 0.02, and E j / t = —3.0:
fields of 0(solid line), llT (d o tted line), 14.5T( short dashed line), and 24T(dot
dashed line).
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both equations above, and the results agree with each other. With B = 0, S
approaches zero as T —> 0, as expected according to the third thermodynamic
law. But with B = 11T, 14.5T, and 24T S ~ 1.0986fcjg which is identical
with kglnd as T —►0. The nonvanishing S results from the triply degenerate
ground state with these magnetic fields. The magnetic field is able to remove
the spin degeneracy, but is not be able to remove the spatial degeneracy since
crystal fields and spin-orbit coupling are ignored in this cluster calculation.
The entropy including all states within the first manifold is S ~ 5Aks- This
value is kBlnO, where ft is the total number of states within the first manifold
which is 240 as mentioned earlier. In comparison with S ( B = 0), the entropy
in a magnetic field does not change for temperatures at which all states in the
first manifold are excited but S — Sg(T —*• 0) is reduced because of the failure
in removing the spatial degeneracies of the ground state completely.
For N = 7, the tem perature dependence of the specific heat is similar
to that for V = O.Oli but the peak is moved to a higher temperature. See
figure 24. This difference is due to the doubling of V. As described for N — &
with V = 0.02f, Eg is pushed down and the spacing between levels is increased
by a factor of 4. In a plot of C / T against T 2 as shown in figure 25, a crossing
between the curves, with B = 0 and B = 11T, 14.5T and 24T, occurs at T 2 ~
6.1K2,11K2 and 21.2K 2 respectively. The calculated crossover temperatures
are lower than those of experiments on CeCu&mentioned earlier.
In the N = 7 case, there is only one peak in the low tem perature
specific heat. The difference in the specific heat curve compared with N = 8
comes from the different degeneracies of the energy states as well as the different
spacing between levels compared to those of the N = 8 energy spectrum. First
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F ig u re 24. Specific heat versus InT determined from the model cluster
calculations for N=7: Parameters are t = l e V , Ujt = 5, V /t = 0.02, and
E j / t = —3.0: fields of 0(solid line), llT (d o tted line), 14.5T( short dashed
line), and 24T(dot dashed line).

72

N=7, E p-3.0t, U=5.0t, V=0.02t
5000

O

4500

4000

3500

2500

2000

1500

1000

500

10

20

30

T2

40

50

60

70

(K2)

F ig u re 25. C / T versus T 2 determined from the model cluster calculations
for N=7: Parameters are t = leV , U/t — 5, V/t = 0.02, and E j / t = —3.0:
fields of 0(solid line), llT (d o tte d line), 14.5T( short dashed line), and 24T(dot
dashed line).
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of all, with the same V, the excitation energy for N = 7 from the ground state
to the first excited state is about twice as large as that for N = 8. And E 2 —E\
is only half of E\ — Eg for N = 7 but Ei —E\ is comparable to E\ —E g for
N = 8. The closer spacing of levels above E\ seems to be the reason why
the magnitude of the peak is greater than that for N = 8. In addition, the
difference in the degeneracies of the first and second excited states is not as
large as in the case of N = 8.

6.3

V = 0 .0 5 t
As hybridization V increases to 0.05t, Eg is lowered by a factor of 6.25

and the spacing between the energy levels is also increased by 6.25, compared
to the V = 0.02t case. This factor is the square of the ratio of hybridization,
(0.05t/0.02f)2 as discussed earlier. The increase in V influences the specific
heat as well as the energy levels, but not the degeneracy of each level. Since
E i- E ,

1.12 x 10 3t, the peak in the specific heat curve moves toward

higher temperature. The shape of the curve remains unchanged from those
with V = O.Olt and 0.02f. When a magnetic field of 9T is applied, E\ — Eg
decreases because of the Zeeman splitting. Consequently, the position of the
peak moves to lower temperatures. Once the spin of the ground state switches
from S z = 0 to S z = —1, this peak starts shifting to higher temperatures,
which is the case for B = 11T and 14.5T. Because of the large spacing between
energy levels, a field of 24T(~ 2.78 x 10-3t) is not enough to rearrange the
energy levels according to their Sz values. See figure 26. In the plot of C / T vs
T 2, the upturn in zero field is not removed by the magnetic field. Instead, up
to B = 8T, the upturn in C / T is stronger and moves to lower temperatures.
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Once the spin of the ground state switches from Sz = 0 to —1 with B = 10T,
this upturn begins to be reduced. But because the lowest energy level with
S z = —2 falls faster than the levels with Sz = —1, the upturn in the lowtem perature starts to appear again when B = 24T. These curves are shown in
figure 27.
These general features of the plot of C / T vs T 2 are very different
from the experimental data on CeCuQ. As can be seen, the major reason for
disagreement with the experiment is the large hybridization V.

6.4

Sum m ary
In our approach to the study of the magnetic field dependence of the

specific heat of a heavy Fermion system, we adopted the lattice Anderson model
on a 4-site tetrahedral cluster. Our calculation is done on the simple assump
tions of a nondegenerate /-orbital and of the discreteness of the states of the
conduction band. Interactions included in the model are the on-site Coulomb
interaction between electrons in the /-o rb ital and the off-site spin conserving
hybridization between electrons in the / - and c-orbitals. The Zeeman term is
added to the model Hamiltonian in order to induce the effects of an external
magnetic field. Spin-orbit coupling is not included. Even though the size of
the system is small and the model is simple, we can still produce many states,
especially near the ground state, which make significant contributions to the
specific heat.
The calculation shows that although the Coulomb interaction plays an
important role in determining the /-orbital occupancy n j at each site, this has
little influence on the specific heat results in the Kondo region where rtj ~ 1.

75

N=8, E p-3.0t, U=5.0t, V=0.05t
o

6000

5000

0)

4000

O
Q.

(U

3000

2000

1000

0

-0.4

0

0.4

0.8

1.2

1.6

2

LnT

F ig u re 26. Specific heat versus InT determined from the model cluster
calculations for N=8: Parameters are t = leV , U/t = 5, V /t = 0.05, and
E j / t = —3.0: fields of 0(solid line), llT (d o tted line), 14.5T( short dashed
line), and 24T(dot dashed line).
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F ig u re 27. C / T versus T 2 determined from the model cluster calculations
for N==8: Parameters are t = leV , U/t = 5, V /t = 0.05, and E j / t = -3.0:
fields of 0(solid line), llT (d o tte d line), 14.5T(short dashed line), and 24T(dot
dashed line).
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It turns out that the spacing between energy levels, especially near the ground
states, and the width of the first manifold including the ground state are very
sensitive to the variation of the parameter V. The param eter V together with
E f in the combination V 2/ E f determines the spacing between energy levels,
especially for low lying excited states near the ground state and the width of
the lowest manifold including the ground state. Many excited states within
the first manifold are due to the spin flipping of /-electrons coupled with the
spin of c-states, through the spin conserving hybridization.
The addition of an external magnetic field to the system removes the
spin degeneracies of each level. According to our calculation, when the applied
magnetic field is comparable to the excitation energy from the ground state to
the first excited state, in other words, if
gfiBB ~ V 2/ej,

(6.12)

there is a considerable change in the specific heat. A larger hybridization needs
a stronger magnetic field to suppress the low tem perature upturn in C/T.
Our results agree qualitatively with those of experiments on CeCu&.
The decrease in C / T with field at very low tem perature and enhancement
of C / T at slightly higher tem perature are shown in the calculated results,
although the simplicity of our model prevents quantitative comparison with
experiments. The complete suppression of the upturn in C / T is also shown in
the calculated result. The crossover tem perature between two C / T curves for
zero field and non-zero field is in good agreement with that from measurements.
The specific heat study is a good test for the theory since the specific heat is
a measure of the fluctuation of the mean energy of the system although this
cannot provide full details of energy levels. In spite of the simplicity of the
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model, we can still produce the magnetic field dependence of the specific heat
of CeCus, obtaining qualitative agreement with experiment.
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